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Sources of error in electronic structure calculations on small
chemical systems
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The sources of error in electronic structure calculations arising from the truncation of the
one-particle and n-particle expansions are examined with very large correlation consistent basis sets,
in some cases up through valence 10-� quality, and coupled cluster methods, up through connected
quadruple excitations. A limited number of full configuration interaction corrections are also
considered. For cases where full configuration interaction calculations were unavailable or
prohibitively expensive, a continued fraction approximation was used. In addition, errors arising
from core/valence and relativistic corrections are also probed for a number of small chemical
systems. The accuracies of several formulas for estimating total energies and atomization energies
in the complete basis set limit are compared in light of the present large basis set findings. In
agreement with previous work, the CCSD�T� method is found to provide results that are closer to
the CCSDTQ and full configuration-interaction results than the less approximate CCSDT
method. © 2006 American Institute of Physics. �DOI: 10.1063/1.2137323�
I. INTRODUCTION

The scope and predictive capability of ab initio elec-
tronic structure approaches to solving the multielectron
Schrödinger equation have undergone an enormous change
since their introduction over 50 years ago. Initially,
molecular-orbital wave functions expanded in terms of ana-
lytical basis sets met with very limited success. For example,
early theoretical attempts to calculate the dissociation energy
�De� of N2 were in error by more than 200 kcal/mol.1 The
inclusion of electron correlation corrections via the configu-
ration interaction �CI� technique reduced the error by only
50 kcal/mol.2 Over time, improvements in the underlying
mathematical models, the computational algorithms, com-
puter software, and hardware yielded improvements in accu-
racy. Nonetheless, the lack of a practical approach to error
estimation and reduction often led to widespread difficulty
distinguishing between merely a fortuitous agreement be-
tween theory and experiment and genuine methodological
progress. This situation was exacerbated by several undesir-
able characteristics of the standard approach, especially the
steep scaling in computational cost with the size of the
chemical system and the slowly convergent nature of the
so-called one-particle and n-particle expansions. Twenty
years after the first calculations on N2, the error in De re-
mained �60 kcal/mol,3 relative to an experimental value of
228.4 kcal/mol.4,5 The possibility of achieving “chemical ac-
curacy,” �1 kcal/mol �0.24 kJ/mol�, via a computational
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procedure that did not depend upon large fortuitous cancel-
lation of error seemed remote.

Fortunately, the present situation, at least in the area of
small molecules, has improved to the point where high ac-
curacy is achievable in most cases. For the purposes of this
discussion, “small molecules” will be loosely interpreted to
mean chemical systems consisting of fewer than 10 first or
second row elements, combined with 20 or fewer hydrogens.
This definition is clearly subjective and is likely to grow over
time as capabilities grow. Although the scope of the current
study does not include molecules at the upper end of this
range, the topics to be discussed are nevertheless pertinent
insofar as such chemical systems are amenable to the same
theoretical techniques either at present or in the not-too-
distant future.

Despite their power, ab initio electronic structure meth-
ods continue to suffer from a number of widely recognized
weaknesses. As already mentioned, the methods exhibit steep
scaling in computational cost with respect to the size of the
chemical system and level of sophistication of the treatment.
They also exhibit slow convergence and there exist no prac-
tical means to assign a priori error bars to a set of computed
properties. The goal of this work is to help address the latter
problem. We will probe several of the potential sources of
error in the calculations of thermochemical and spectro-
scopic properties, in an effort to better understand the evolv-
ing limitations inherent to our approach. It is hoped that this
knowledge can guide future studies seeking to achieve high
accuracy. The chemical systems to be discussed were se-
lected because of their role in past studies and because of
their involvement in ongoing projects related to ground-state

and low-lying excited-state potential-energy surfaces.
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II. APPROACH

In previous work, we statistically analyzed the errors in
the theoretical predictions of a variety of molecular proper-
ties, including geometries, harmonic frequencies, atomiza-
tion energies, electron affinities, ionization potentials, etc.
Our studies encompassed many different combinations of ba-
sis sets and correlation treatments. The original test set con-
sisted of the Gaussian-2 �G2� collection of molecules.6–8

This analysis was facilitated by information contained in the
Environmental Molecular Sciences Computational Results
Database �CRDB�, which currently contains approximately
78 000 entries.9 The insights gained from the analysis were
helpful in developing a nonparametrized, multistep, compos-
ite theoretical approach that has been applied to more than
300 chemical systems.10–14 The largest molecule studied with
this approach is C8H18. It required a coupled cluster singles
and doubles with perturbative triples �CCSD�T�� calculation
with nearly 1500 basis functions.15 Recent developments
have extended the method to compounds containing first row
transition metals.16 In general, this composite approach ap-
pears to be capable of achieving a target accuracy of approxi-
mately 1 kcal/mol for thermochemical properties when used
with a high-quality correlation recovery method, such as
coupled cluster or configuration interaction wave functions,
combined with basis sets of quadruple zeta quality or better.

Ideally, all electronic structure calculations would be
performed with an effectively complete basis set at the full
configuration interaction �FCI� level of theory using a rela-
tivistic Hamiltonian. Practical considerations preclude such a
brute force attack on the problem and this situation is un-
likely to change in the foreseeable future. Out of necessity, a
more subtle strategy has been adopted by researchers seeking
to achieve high accuracy results. This alternative approach
proceeds by individually identifying and addressing all major
sources of error. Smaller corrections are implicitly assumed
to be additive. The final, best estimate for the thermody-
namic or spectroscopic properties of interest is typically
achieved by a combination of direct calculation and extrapo-
lation. Although extrapolation would seem to introduce an
element of uncertainty into the process, experience has
shown that, when applied with care, it can reliably reduce the
overall error. For matters of convenience, we have organized
the following discussion along the lines of the steps in our
composite approach, beginning with the one-particle and
n-particle expansions since they have received a widespread
recognition as the two largest sources of error in electronic
structure calculations.

In order to predict thermochemical properties, such as
heats of formation at 298 K, it is necessary to account for the
vibrational zero-point energy �ZPE�. For this purpose, accu-
rate theoretical, anharmonic ZPEs based on high-quality po-
tential surfaces are optimal, but such values are seldom re-
ported for systems with more than five or six atoms.
Depending upon the availability of experimental fundamen-
tals, we have frequently estimated the anharmonic ZPE by
performing a 1:1 averaging of theoretical harmonic frequen-
cies and experimental fundamentals, as suggested by Grev

17
et al. In a previous study we compared this approach
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against accurate anharmonic ZPEs taken from the literature
for 31 polyatomic molecules. We have since expanded the
data set to 36 molecules. It is relatively easy to predict an-
harmonic ZPEs for diatomic molecules with an accuracy of
0.1 kcal/mol or better. Using CCSD�T� harmonic frequen-
cies, the root-mean-square �rms� errors ranged from
0.22 kcal/mol, with a double zeta �DZ� quality basis set, to
0.13 kcal/mol, with a quadruple zeta �QZ� quality basis
set.11 We also tested a 3:1 weighting, which should perform
better on purely formal grounds when very accurate har-
monic frequencies are available. For the same collection of
small molecules, the 3:1 weighting produced only slight im-
provements in the errors. Unfortunately, CCSD�T� frequen-
cies are prohibitively expensive for many systems, especially
with the aug-cc-pVQZ basis set. Further discussion of the
error arising from inaccuracies in the ZPE is beyond the
scope of the present work.

III. ONE-PARTICLE BASIS SET CONSIDERATIONS

A. Basis set strategies

The quantum chemistry literature contains references to
well over 300 families of one-particle basis sets, where the
term “family” is meant to imply a collection of similar qual-
ity basis sets supporting multiple elements. In addition, a
large number of ad hoc basis sets were developed to meet the
needs of various specialized research projects and have not
been adopted by the general computational chemistry com-
munity. Despite the multitude of basis set families, the de-
sign and calibration of new sets remains a very active area of
research, reflecting both the importance of the one-particle
expansion and the difficulty in constructing compact sets that
are simultaneously effective at reproducing a multitude of
chemical properties. Several reviews cover the topic.18

In 1987 Almlöf and Taylor published a seminal paper
outlining a procedure that, in principle, allowed one to con-
struct a systematic sequence of basis sets for approaching the
complete basis set �CBS� limit.19 It combined large Gaussian
primitive expansions with atomic natural orbital �ANO� con-
tractions. Natural orbital occupation numbers were used as
the selection criterion for inclusion of functions of arbitrary
angular momentum �s , p ,d , f , etc.�. Thus, for example, a so-
called valence triple zeta �TZ� basis for Ne was constructed
of four s-type contractions, three p-type contractions, two
d-type contractions, and a single f-type contraction. Earlier
work by Jankowski et al.20 reached similar conclusions on
the relative importance of the first through third d functions
versus the first and second f functions and the first g func-
tion.

While the ANO basis set approach represented a break-
through in thinking about a systematically convergent se-
quence of basis sets, it was not widely adopted because of
the relatively high computational cost associated with the
large numbers of underlying Gaussian primitives and the
“general” contraction scheme21 used in creating the ANOs.
At the time of Almlöf and Taylor’s publication, computer
programs that could efficiently handle general contractions
were not widely available. They developed a new integral

code specifically for their ANO work. Compared with the
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popular 6-31G* basis set of Hehre et al.,22 which was built
from a �10s ,4p ,1d� primitive set for first row elements, the
corresponding polarized valence DZ ANO basis set used a
much larger �13s ,8p ,6d� primitive space.

Two years later, in 1989, Dunning introduced the corre-
lation consistent basis sets and fundamentally altered the
way in which chemists addressed the one-particle basis set
problem.23 He retained the general contraction scheme of
Almlöf and Taylor, but abandoned the natural orbital occu-
pation selection scheme in favor of one based on the contri-
bution of each basis function to the atomic configuration
interaction singles and doubles �CISD� correlation energy.
For first row elements, the resulting mixture of s , p ,d, etc.,
functions was identical to the sets of Almlöf and Taylor, but
the underlying primitive spaces began with a modest double
zeta set and grew as the quality of the basis set grew. This
produced basis sets that were both more economical at the
low end and more accurate at the high end. Because the
structure of correlation consistent basis sets represented
something of a compromise between a strictly segmented
contraction scheme and a completely general contraction,
they could be used with applications that did not support the
latter without paying a large penalty in computer time. In his
first paper, Dunning reported on basis sets of double, triple,
and quadruple zeta qualities for H and B–Ne, conventionally
denoted cc-pVDZ, cc-pVTZ, and cc-pVQZ. This provided a
sufficiently attractive starting point for a critical mass of re-
searchers with an interest in higher accuracy calculations to
begin adopting the new sets.

Extensions of the original correlation consistent family
have grown to include basis sets with one or more shells of
diffuse functions for treating anions and weakly bound
systems,24 basis sets for core/valence �CV� correlation
recovery,25 basis sets for relativistic calculations,16,26 and ba-
sis sets for main group elements from Al through Kr �Ref.
27� and first row transition metals.16 Additionally, basis sets
designed for use with relativistic pseudopotentials have been
reported for the group 11–18 elements.28 At the high end,
basis sets of 5Z, 6Z, 7Z, and 8Z qualities have been
reported.8,13,29 In total, the correlation consistent family com-
prises the largest and most comprehensive collection of
Gaussian basis sets ever developed. Besides the original fam-
ily of basis sets, the present work will make use of the dif-
fuse function augmented family, denoted aug-cc-pVnZ �n
=D, T, Q, 5, etc.�. By convention, only the spherical compo-
nent subsets �e.g., five-term d functions, seven-term f func-
tions, etc.� of the Cartesian polarization functions are used.

B. Estimating total energies

During the early development phase of the cc-pV5Z ba-
sis sets, it was empirically observed that the convergence
pattern of total energies and binding energies of small mol-
ecules could be described by an exponential in n, the basis
set index, n=2�D�, 3 �T�, 4 �Q�, etc. This led to the conjec-
ture that additional basis sets in the correlation consistent
sequence might exhibit a similar pattern and that the CBS
limit for the total energy could be estimated by means of a

30
simple, three-parameter functional form, such as
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E�n� = ECBS + b * exp�− cn� , �1�

where ECBS is the limiting value. Typically, ECBS, b, and c
are exactly fitted to the lowest three energies available, but a
least-squares fit to four or more energies is also possible. At
the same time, there was little direct evidence in support of
Eq. �1�. However, early comparisons with numerical Hartree-
Fock �HF� energies and the exact energy of H2 were encour-
aging. Correlated polyatomic calculations with the cc-pV5Z
basis set were initially limited to second-order Møller-Plesset
perturbation theory �MP2�.31 The ability to routinely estimate
molecular properties close to the CBS limit effectively al-
lowed one to unravel the one-particle and n-particle errors,
leading Woon and Dunning to the notion of the “intrinsic”
error for any given theoretical method, i.e., the error with
respect to reliable experimental values for any given method
at the CBS limit.32

The availability of a uniformly convergent basis set se-
quence that proved amenable to extrapolation techniques led
to the introduction of many alternative approaches for esti-
mating energies and properties at the CBS limit. At the same
time, there was a growing recognition of the shortcomings of
Eq. �1�. A comprehensive review of the extensive CBS ex-
trapolation literature is beyond the scope of the present work.
In particular, we will not discuss the parametrized methods
of Truhlar and co-workers,33 or the earlier atomic pair natural
orbital work of Petersson and co-workers.34 The goal of
achieving high accuracy while simultaneously avoiding the
high cost associated with large basis set calculations created
a lot of interest in the development of CBS extrapolations.

Even low-level correlated methods, such as MP2, scale
as the fifth power of the number of basis functions. Higher-
level methods, such as CCSD�T�,35 scale even more severely,
as N7 or worse. For example, a CCSD�T�/aug-cc-pVQZ en-
ergy evaluation for benzene, with 756 functions, might re-
quire a little over a day on a single-processor high-speed
workstation. However, in the event that a larger basis set was
required, the next step-up �aug-cc-pV5Z, 1242 functions�
would require over 32 days, assuming that sufficient disk
and memory resources were available. A recent CCSD�T�/
aug-cc-pVQZ calculation on C8H18 using 1468 functions re-
quired over 66 h using between 600 and 1400 processors.15

Incrementing the basis set size to the aug-cc-pV5Z level
�2456 functions� would render the calculation well beyond
the capabilities of even the most powerful computers avail-
able at present and for the foreseeable future. The potential
benefit of expressions such as Eq. �1� was so great that work
on improved extrapolation techniques remains an active area
of research more than a decade later, as will be discussed.

In order to probe the convergence of the one-particle
basis set in greater depth, we have developed Ne cc-pV9Z
and cc-pV10Z sets as an extension to the previously reported
cc-pV8Z set13 using the approach first outlined by
Dunning.23 The composition of the new basis sets is given in
Table I, along with selected other large members of the cor-
relation consistent family. In Fig. 1 the � shell incremental
valence correlation energy contributions, Eincr���, to the

CCSD�T� energy, �Eincr, are plotted as a function of �, the

 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



054107-4 Feller, Peterson, and Crawford J. Chem. Phys. 124, 054107 �2006�
angular momentum index, for the cc-pV6Z through cc-
pV10Z basis sets. All coupled cluster calculations in the
present work were performed with MOLPRO2002,36 a develop-
ment version of PSI3,37

DALTON2.0,38
GAUSSIAN03,39 and

NWCHEM4.7.40 Unless otherwise specified, calculations were
performed using the frozen-core �FC� approximation,
wherein the 1s2 inner-shell electrons for first row elements
�1s22s22p6 for second row elements� are excluded from the
correlation treatment.

Nearly exponential decay, corresponding to a straight
line in this logarithmic plot, is observed for 2���5 �d–h

TABLE I. Composition of selected correlation cons
intended for use with the pure spherical components o

Basis set Primitives

cc-pV7Z �Ne� �18s ,12p ,6d ,5f ,4g ,3h
cc-pV8Z �Ne� �20s ,14p ,7d ,6f ,5g ,4h ,
cc-pV9Z �Ne� �22s ,16p ,8d ,7f ,6g ,5h ,4i
cc-pV10Z �Ne� �24s ,18p ,9d ,8f ,7g ,6h ,5i ,4
aug-cc-pV6Z �C,N� �17s ,11p ,6d ,5f ,4g ,3
aug-cc-pV7Z �C,N� �19s ,13p ,7d ,6f ,5g ,4h
aug-cc-pV�6+d�Z �S� �22s ,15p ,7d ,5f ,4g ,3
aug-cc-pV�7+d�Z �S� �28s ,19p ,8d ,6f ,5g ,4h
aug-cc-pwCV5Z �C� �19s ,13p ,8d ,6f ,4g
aug-cc-pwCV5Z �S� �21s ,13p ,9d ,7f ,5g
cc-pCV6Z �N� �21s ,15p ,9d ,7f ,5g ,3

FIG. 1. Ne�1S� CCSD�T��FC� � shell incremental energy lowering, Eincr���,
from the cc-pVnZ, n=6-10 basis sets. The incremental contribution from a
given � shell is defined as the energy lowering resulting from the addition of
those functions to the next smaller basis set. For example, the �=2�d� in-
cremental energy lowering is defined as ECCSD�T��spd�−ECCSD�T��sp�. Rep-
resentative CBS extrapolated energies are based on the two-point

3
1/�max�mn� formula using cc-pV9Z energies.
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functions� for all basis sets. Perhaps fortuitously, the entire
cc-pV7Z basis set convergence sequence through k functions
is exponential in behavior. As the higher � spaces �iklm func-
tions� become increasingly saturated in the cc-pV8Z through
cc-pV10Z basis sets, deviation from an exponential decay
pattern becomes more pronounced. A straight line based on �
values less than 6 underestimates the correlation contribu-
tions from higher � spaces. This behavior was qualitatively
predicted in the work by Schwartz, who performed a 1/Z
perturbation-theory expansion of the correlation energy for
two-electron, He-like systems.41 Similar conclusions were
reached in the multielectron MP2 work of Kutzelnigg and
Morgan.42 These analyses assumed a one-particle basis set
that was saturated at every level of �, a condition that is far
from being satisfied in the earlier members of the correlation
consistent sequence.

The work of Schwartz and Kutzelnigg and Morgan led to
basis set convergence formulas expressed in terms of inverse
powers of �max, where �max is the highest angular momentum
present in the basis set,43–45

E��max� = ECBS + b/��max + 1
2�4 �2�

and

E��max� = ECBS + b/��max�3. �3�

In our previous work, we have examined the perfor-
mance of Eqs. �2� and �3�, as well as a mixed Gaussian/
exponential function,46

E�n� = ECBS + b * exp�− �n − 1�� + c * exp�− �n − 1�2� .

�4�

Wilson and Dunning have also examined the expressions of
the general form

E�2��lmax� = ECBS
�2� +

B

�lmax + d�m +
C

�lmax + d�m+1

+
D

�lmax + d�m+2 , �5�

for estimating the MP2 CBS limit.47 Following the MP2
work of Kutzelnigg and Morgan,42 Klopper advocated using

5

basis sets. The correlation consistent basis sets are
.e., five-term d functions, seven-term f functions, etc.

Contractions

k� �8s ,7p ,6d ,5f ,4g ,3h ,2i ,1k�
,1l� �9s ,8p ,7d ,6f ,5g ,4h ,3i ,2k ,1l�
l ,1m� �10s ,9p ,8d ,7f ,6g ,5h ,4i ,3k ,2l ,1m�
2m ,1n� �11s ,10p ,9d ,8f ,7g ,6h ,5i ,4k ,3l ,2m ,1n�
� �8s ,7p ,6d ,5f ,4g ,3h ,2i�
k� �9s ,8p ,7d ,6f ,5g ,4h ,3i ,2k�

� �9s ,8p ,7d ,5f ,4g ,3h ,2i�
k� �10s ,9p ,8d ,6f ,5g ,4h ,3i ,2k�

�11s ,10p ,8d ,6f ,4g ,2h�
�12s ,11p ,9d ,7f ,5g ,3h�

� �12s ,11p ,9d ,7f ,5g ,3h ,2i�
istent
nly, i

,2i ,1
3i ,2k
,3k ,2
k ,3l ,
h ,2i
,3i ,2
h ,2i
,3i ,2
,2h�
,3h�
h ,1i
Eq. �3� to fit the CCSD singlet pair energy and 1/�max to fit
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the triplet pair energy.48 Equations �1�–�5� share a common
goal, namely, to be able to accurately extrapolate finite basis
set results to the infinite CBS limit.

For first and second row elements the basis set index n in
Eqs. �1� and �4� is equivalent to �max. Equation �2� is a trun-
cated version of a three-parameter expression by Martin and
Lee.44 The task of determining which of the many CBS for-
mulas performs best for a particular set of molecules, bond-
ing arrangements, and range of basis sets is a complex one.
Instead, we have often taken an ad hoc approach and simply
adopted an average value from Eqs. �1�–�4� with the spread
among the various estimates taken as a crude measure of the
intrinsic uncertainty in the extrapolations. Although strictly
speaking Eqs. �2� and �3� were intended for the correlation
energy component of the energy, we have often used these
expressions to extrapolate the total MP2, CCSD�T�, or mul-
tireference configuration interaction �MRCI� energies, argu-
ing that for basis sets of QZ quality or better, the change in
the correlation energy overwhelms the change in the self-
consistent-field �SCF� energy. Furthermore, with the expo-
nential formula, Eq. �1�, extrapolating the total energy has
the added advantage of including partially offsetting errors.
For basis sets beyond QZ, the exponential formula tends to
overestimate the SCF component of the energy, while under-
estimating the correlation component.

Empirical evidence provided by “explicitly correlated”
methods, which partially avoid the slow one-particle conver-
gence of traditional correlated techniques, favors variations
of the 1/�max

3 and 1/�max
5 expansions.48,49 Examples include

the linear “R12” methods of Kutzelnigg and Klopper.50 By
clever use of closure relationships, the R12 methods avoid
the need to explicitly compute expensive multielectron inte-
grals. While a CCSD�T�-R12 implementation has been de-
veloped, it requires large uncontracted basis sets, on the or-
der of �19s ,14p ,8d ,6f ,4g ,3h� for first row elements, to
achieve high accuracy in the total energy. For comparison
purposes, the number of basis functions per first row atom in
such an uncontracted basis set �212� is larger than the cc-
pV7Z correlation consistent set. Furthermore, the R12 ap-
proximation only indirectly affects the perturbative triples
correction via modified T1 and T2 amplitudes. As will be
discussed, the �T� correction, although much smaller than the
CCSD portion of the correlation energy, may require higher
angular momentum functions �ikl, etc.� if assured accuracy
to ±0.2 mEh in the total energy is desired. Klopper has re-
ported a CCSD�T�-R12/ �19s ,14p ,8d ,6f ,4g ,3h� energy for
the Ne atom, with conservative error bars of ±0.5 mEh. In a
more recent work, the use of an even larger uncontracted
basis set containing multiple sets of i functions lowered pre-
viously reported CCSD�T�-R12 energies by 0.1–0.2 mEh

�CH2, H2O, HF, N2, CO, and F2�.51 The size of the error will
increase with the size of the system. Even if we assume an
error of only 0.1 mEh per first row atom, for a molecule the
size of C8H18, the error in the total energy would approach
0.8 mEh. Thus, emphasizing again that absolute accuracy is
very difficult to achieve, using either standard or explicitly
correlated methods.

While the 1/�max formulas qualitatively mimic the

slower than exponential convergence pattern observed for
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very high � basis functions, they appear to be incapable of
simultaneously describing the entire range of � values. As
seen in Fig. 1, where various 1/�max

3 fits of the cc-pV9Z �
shell incremental energies are shown, the predicted energy
contributions from � shells with � values smaller than those
used in the fit are significantly overestimated. This character-
istic of the 1/�max formulas has been reported previously.8

The scarcity of very high accuracy CCSD�T� energies for
molecules larger than a triatomic makes drawing general
conclusions about the relative performance of competing
CBS extrapolation formulas difficult. In this regard, the abil-
ity to accurately describe a wide range of known Eincr��� data
points would seem to increase confidence in the ability of
any simple functional form to extrapolate to the unknown
CBS limit. Although the cc-pV10Z basis set is very large by
present day standards, it is still effectively incomplete. As the
k, l, m, and n shells grow increasingly saturated in subse-
quent members of the cc-pVnZ basis set sequence, each
shell’s energy contribution will monotonically increase,
thereby shifting the convergence pattern in the direction of
the 1/�max

3 curves. Quantitatively measuring the magnitude
of the shift must await calculations with still larger basis sets.

Previous hardware and software limitations precluded us
from carrying out explicit CCSD�T� k-function ��=7� calcu-
lations in molecules. In such cases we exploited the unifor-
mity in the �Eincr convergence to estimate the k-function
contribution to CCSD�T�/aug-cc-pV7Z energies and energy
differences.8,52 Tests performed for the present work on a
series of first row atoms and diatomics confirm that a simple
exponential function or one of the 1/�max expressions are
capable of reproducing the true k-function contribution to
total energies to an accuracy of ±10−5 Eh. Energy differences
are reproduced to better than 0.05 kcal/mol. As mentioned
earlier, the 7Z basis set behavior appears perhaps fortuitously
well described by an exponential. When the three-parameter
Eq. �1� is used, the k-function extrapolation is based on �
=4–6�ghi� energies. When two-parameter fits are used, only
the �=5 and 6 energies are used. Since CCSD�T�/aug-cc-
pV7Z calculations remain computationally very expensive,
especially for polyatomic molecules, we continue to rely on
k-function extrapolated values for the CS2 results reported in
the present work. Valeev et al. have recently reported on the
impact of k functions on MP2 energies.49

In Fig. 2 the CCSD�T� incremental valence correlation
energy of the Ne atom is plotted as a function of the
cc-pVnZ basis set index. The incremental correlation energy
is defined as the difference between successive correlation
energies, e.g., �Eincr�TZ�=Ecorr�TZ�−Ecorr�DZ�. Exponential
decay based on the first two data points is represented as a
straight line in this logarithmic plot. As in Fig. 1, the ob-
served convergence pattern shows initial exponential conver-
gence through 5Z, followed by slower convergence for the
larger correlation consistent basis sets. The latter effect ap-
pears more pronounced in Fig. 2 than in Fig. 1, presumably
due to the lack of saturation in the spdfg shells of the cc-
pVDZ, cc-pVTZ, and cc-pVQZ sets. The long, slowly con-

vergent tail illustrates the widely recognized difficulty that
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orbital product expansion methods have in reproducing the
electron-electron Coulomb cusps of the exact wave function,
namely,53

lim�r12 → 0���r12� → 1 + 0.5r12, �6�

where r12 is the interelectronic distance. The cc-pV9Z and
cc-pV10Z CCSD�T��FC� energies differ by 0.5 mEh

�0.3 kcal/mol� and the latter energy is still �1 mEh above
various estimates of the CBS limit.

Schwenke has recently proposed86 the use of a single
parameter extrapolation based on the expression

ECBS
C = �EC��max+1� − EC��max��FC��max+1� + EC��max� ,

�7�

where C=Hartree-Fock �HF�, singlet pair �SP�, triplet pair
�TP�, CCSD, or �T� and FC��max+1� is a fitting constant that
depends upon the �max value of the larger of the two basis
sets used in the extrapolation. The constants, which are de-
termined via a least-squares fit to accurate energies for seven
systems �Ne, N2, CH2

1A1, H2O, CO, HF, and F2�, are as-
sumed to be independent of the molecular species and the
geometry. The accurate singlet and triplet pair energies were
taken from the CCSD-R12 work of Klopper.48 Because the
Klopper HF and �T� energies were judged to be insufficiently
accurate, Schwenke computed new values using large uncon-
tracted f-limit basis sets that were designed to achieve con-
vergence for each � shell. For the Ne atom this led to a
�23s ,15p ,14d ,11f ,9g ,9h ,7i� basis set, which is likely to be
very close to the basis set limit up through i functions. By
way of comparison, the f-limit basis set produces a CCSD�T�
energy that is 0.28 mEh lower than the cc-pV10Z basis set
through i functions. However, the contribution of functions
beyond �=6 lowers the Ne CCSD�T�/cc-pV10Z energy
1.3 mEh below the f-limit energy. Within the correlation con-

FIG. 2. Ne�1S� frozen-core CCSD, �T�, CCSD�T�, T, Q, and FCI energy
contributions produced by incrementing the cc-pVnZ basis set index n. The
T correction was based on ECCSDT−ECCSD. The Q correction was based on
ECCSDTQ−ECCSDT, etc.
sistent sequence of basis sets, the levels of polarization func-
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tions equivalent to those in the f-limit basis set are not
reached until cc-pV15Z.

The performance of several CBS extrapolation formulas
applied to the Ne atom singlet/triplet pair energies is shown
in Table II, along with the raw data. The singlet pair energy
is approximately twice the size of the triplet pair energy and
is significantly slower to converge. All of the formulas ap-
pear capable of predicting results that are a minimum of one
full step-up in basis set quality. In many cases the extrapo-
lated energies based on cc-pVnZ energies are comparable to
raw values obtained from a cc-pV�n+2�Z or cc-pV�n+3�Z
calculation. The Schwenke formula performs particularly
well, as would be expected for one of the systems in its small
training set. The raw cc-pV10Z triplet pair energy is within
0.02 mEh of the CCSD-R12 value, essentially guaranteeing
that the �V8Z, V9Z, and V10Z� estimates from the exponen-
tial, mixed, 1 / ��max+0.5�4, and 1/�max

5 formulas are closely
grouped and in good agreement with the Schwenke value.
Only minor fluctuations in the extrapolated values are ob-
served beyond the V7Z level.

Unfortunately, in the case of the singlet pair energy the
difference between the raw cc-pV10Z value and the CCSD-
R12 value is 52 times larger, exceeding 1 mEh. The
mixed�8910� prediction differs from the other, more tightly
clustered, formulas by �1 mEh. Unlike Eqs. �1�–�4� which
are used with basis sets of VQZ quality or better, Schwenke
has also provided fitting coefficients for use with VDZ and
VTZ basis sets. Even when applied with such low-level basis
sets, the Schwenke�DT� estimate is within 3.6 mEh of the
CCSD-R12 value, a level of agreement not reached until the
V7Z level in the raw energies. While most formulas ap-
proach their limiting value from below, the 1/�max

3 expres-
sion approaches from above. The exact agreement between
the 1/�max

3 �910� extrapolated energy and the CCSD-R12
value may be fortuitous, but this functional form clearly does
the best job at reproducing the R12/ �19s ,14p ,8d ,6f ,4g ,3h�
value. The convergence of the exponential, mixed, and
1/ ��max+0.5�4 formulas is more erratic, with �789�
→ �8910� changes of 0.29, 0.28, and 0.07 mEh, respectively.

Figure 3 shows the convergence of the CCSD�T��FC�/
CBS extrapolated energies for Ne �1S�, CS �1�+�, CS2 �1�g

+�,
and C6H6 �1A1g�. The energies being extrapolated were ob-
tained from the cc-pVnZ �Ne�, aug-cc-pVnZ �C6H6�, and
aug-cc-pVnZ�C� / aug-cc-pV�n+d�Z�S� �CS and CS2� basis
sets. As the size of the chemical system increases, the spread
among the extrapolated energies at the low end �DZ, TZ, and
QZ� expands. For example, while the QZ estimates for Ne
span a range of about 10 mEh, for CS2 the range is 12 mEh

and for C6H6 it is 25 mEh. When larger basis set calculations
are affordable, the spread among the CBS formulas is less
dependent on the size of the system. For Ne the �789� CBS
estimates are within �1.5 mEh of each other. As was the
case for the singlet/triplet pair energies, the mixed�789� esti-
mate lies slightly outside the cluster of energies produced by
the other four formulas. In order to make the comparisons in
Fig. 3 as straightforward and unbiased as possible, the total
CCSD�T� energies reported for Eqs. �1�–�4� were obtained

by summing separate extrapolations of the SCF, CCSD cor-
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relation energy �ECCSD�corr��, and �T� correction, in a manner
analogous to the procedure followed by the Schwenke for-
mulas.

For Ne, the SCF energies obtained with the cc-pV8Z,
cc-pV9Z, and cc-pV10Z basis sets are −128.547 096 9,
−128.547 097 6, and −128.547 097 8 Eh, respectively. This
compares to a numerical, finite element value of
−128.547 098 0 Eh.54 The present best estimate of the Ne
CCSD�T��FC� energy is −128.8687±0.0005 Eh, which is
based on the average of the five CBS extrapolations, Eqs.
�1�–�4� and �7�, applied to the total CCSD�T� energies. The
uncertainty is based on the spread in the CBS energies. An
alternative estimate, obtained from separate extrapolations of
the �9Z/10Z� singlet/triplet CCSD pair energies with 1/�max

3

and 1/�max
5 expressions and the �T� correction with 1/�max

3

yields a value of −128.8691 Eh, which falls within the upper
range of the previously mentioned best estimate. Both of
these values are in essentially exact agreement with the “es-
timated limit” frozen-core value of −128.869±0.001 Eh

reported by Halkier et al.45 and based in part on a
CCSD�T�-R12B/ �18s ,13p ,11d ,9f ,7g ,5h� energy of
−128.8690 Eh. A later, slightly higher CCSD�T�-R12B/
�19s,14p ,8d ,6f ,4g ,3h� energy of −128.86891 Eh was given
by Klopper.48

After inclusion of the extrapolated core/valence energies
using the same five formulas, we arrive at a best estimate for

TABLE II. Computed and CBS extrapolated Ne �1S�

S
Basis setsa Computedb Exp

VDZ,VTZ −0.170 53
�VDZ�,VTZ,VQZ −0.192 73 −0.209 51 −
�VTZ�,VQZ,V5Z −0.201 63 −0.207 57 −
�VQZ�,V5Z,V6Z −0.205 47 −0.208 40 −
�V5Z�,V6Z,V7Z −0.207 48 −0.209 69 −
�V6Z�,V7Z,V8Z −0.208 58 −0.209 92 −
�V7Z�,V8Z,V9Z −0.209 19 −0.209 94 −
�V8Z�,V9Z,V10Z −0.209 58 −0.210 23 −
CCSD-R12/Be −0.210 61

T
Basis setsa Computedb Exp

VDZ,VTZ −0.095 81
�VDZ�,VTZ,VQZ −0.101 95 −0.103 87 −
�VTZ�,VQZ,V5Z −0.103 86 −0.104 73 −
�VQZ�,V5Z,V6Z −0.104 43 −0.104 68 −
�V5Z�,V6Z,V7Z −0.104 67 −0.104 84 −
�V6Z�,V7Z,V8Z −0.104 78 −0.104 89 −
�V7Z�,V8Z,V9Z −0.104 83 −0.104 85 −
�V8Z�,V9Z,V10Z −0.104 85 −0.104 86 −
CCSD-R12/Be −0.104 87

aRange of basis sets used in the CBS extrapolation. T
extrapolations.
bRaw value obtained with the largest basis set in this
cProduced with the singlet/triplet pair energy coeffic
The Ne atom was one of the seven systems in the tr
dThe 1/�max

3 and 1/�max
5 CBS values obtained from

reported by Klopper �Ref. 48�.
eObtained with the �19s ,14p ,8d ,6f ,4g ,3h� uncontra
the all-electron CCSD�T� energy of −128.9372±0.0008 Eh,
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whose error bars just include the −128.938±0.001 Eh value
of Halkier et al. Reducing the error bars associated with
these estimates via direct computation presents a formidable
challenge. A single 506 basis function CCSD�T�/cc-pV10Z
Ne atom calculation with Dalton required 41 wall clock
hours on a 2 GHz Opteron processor. The cc-pV11Z basis
set, which is the next set in the correlation consistent se-
quence, includes 650 basis functions. At this point in the
standard basis set approach, we are in a regime where enor-
mous efforts must be expended to make modest progress.

For N2, the Hartree-Fock limit at the optimal restricted
Hartree-Fock �RHF� bond length �1.0654 Å� is
−108.996 558 9 Eh. Our best estimate of the CCSD�T��FC�/
CBS energy at the optimal bond length �1.0989 Å� is
−109.4213±0.0007 Eh. Following the procedure established
for the Ne atom, this estimate is based on the average of the
energies obtained from the five CBS formulas and the uncer-
tainty is taken from the spread in values. The exponential
and mixed extrapolated values lie in the upper end of this
range, i.e., their energies are higher than the inverse �max

values. CBS energies obtained from the exponential formula
decrease by −0.6 mEh between extrapolations performed
with the aug-cc-pV6Z and aug-cc-pV7Z basis sets, whereas
the 1/�max

3 energies increase by 1.8 mEh. A second estimate
was obtained by �1� extrapolating the SCF energy with Eq.
�1� and �2� extrapolating the �aV6Z/aV7Z� singlet/triplet

D singlet/triplet pair energies �Eh�.

t
d 1 / ��max+0.5�4 1 /�max

3 Schwenkec

−0.207 03
95 −0.205 54 −0.208 93 −0.209 76
81 −0.208 85 −0.210 96 −0.210 41
71 −0.209 52 −0.210 75d −0.210 53
65 −0.210 09 −0.210 90
23 −0.210 28 −0.210 82
39 −0.210 28 −0.210 63
67 −0.210 35 −0.210 61

t
d 1/ ��max+0.5�4 1 /�max

5 Schwenkec

−0.105 01
21 −0.105 50 −0.103 86 −0.104 80
97 −0.105 42 −0.104 79 −0.104 85
77 −0.105 04 −0.104 82d −0.104 86
80 −0.104 97 −0.104 87
84 −0.104 96 −0.104 90
85 −0.104 90 −0.104 88
85 −0.104 88 −0.104 87

basis sets are required for the exponential and mixed

p.
from Table VII and Eq. �8� of Schwenke �Ref. 86�.

set for the Schwenke CBS procedure.
cc-pV5Z and cc-pV6Z basis sets were previously

basis set.
CCS

ingle
Mixe

0.205
0.206
0.207
0.208
0.209
0.209
0.209

riple
Mixe

0.105
0.104
0.104
0.104
0.104
0.104
0.104

hree

grou
ients
aining
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cted
CCSD pair energies, and �3� extrapolating the �T� correction,
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which yields a slightly lower value of −109.4218 Eh. The
current best estimate compares to a CCSD�T�/R12/B value
of −109.4204 Eh and a CBS value of −109.4224 reported by
Halkier et al.45 at r=1.0977 Å. Their estimate was based on
a value slightly lower than the R12/B results. The same au-
thors reported a core/valence CCSD�T�/CBS value of
−109.541±0.002 Eh and noted that their value was 4 mEh

lower than the −109.5369 Eh estimate of Peterson et al.55

This difference was attributed to the use of the exponential
formula �Eq. �1�� by Peterson et al. However, while the ex-
ponential formula does tend to underestimate the contribu-
tion from higher angular momentum basis functions,
�2 mEh of the difference is due to the use of a least-squares
fitting of the CVDZ through CV6Z energies by Peterson
et al. Since there is no variational principle involved, the
prediction of a lower CBS energy does not guarantee a better
estimate. Because they were unable to carry out a CCSD�T�/
R12 all-electron calculation on N2, Halkier et al.45 con-
structed their estimate by adding the �CCSD/cc-pCV�56�Z
estimated limit—CCSD/cc-pCV6Z� difference to the
CCSD�T�/cc-pCV6Z value.56 Our current best estimate of
the CCSD�T��CV�/CBS energy is −109.5401±0.0012 Eh,
where the uncertainty is taken as the sum of the uncertainties
associated with extrapolating the separate CV and FC ener-
gies.

For sulfur we used the aug-cc-pV�n+d�Z family of basis
sets, which contain an additional tight d function for the
purpose of partially ameliorating a known SCF-level defi-
ciency in the aug-cc-pVnZ sets for second row elements.57
We have previously discussed the benefits of the tight d func-
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tions on the atomization energy of CS2.11 Since Schwenke
coefficients were not reported for the aug-cc-pV�n+d�Z ba-
sis set, we elected to use the aug-cc-pVnZ coefficients. De-
spite the lack of any sulfur compounds among the seven
systems that comprised the Schwenke training set, Eq. �7�
performed well for CS and CS2. In the latter case the Sch-
wenke�56� CBS estimate appears to be 1–2 mEh lower than
the other formulas. Unlike some of the other formulas, which
in the four cases shown in Fig. 3 approach a limiting value
from either above �exponential� or below �1/�max

3 �, the man-
ner in which the Schwenke formula approaches its limiting
value is system dependent.

C. Energy differences

While high absolute accuracy in the total energy is an
attractive, long-term goal, it is unnecessary for achieving
correspondingly high accuracy in thermochemical or spec-
troscopic properties. Nonetheless, many CBS studies have
focused on absolute accuracy in total energies. Instead, we
have chosen to stress energy differences, arguing that this
perspective is more in-line with the way electronic structure
methods are used in practice. In most cases, ensuring high
absolute accuracy in the total energy is prohibitively expen-
sive for all but very small systems, even with explicitly cor-
related methods. Thus, practically all computational ap-
proaches targeted at small molecules, as defined in this work,
have abandoned absolute accuracy as a goal in favor of

FIG. 3. Convergence of the Ne�1S�,
CS�1�+�, CS2�1�g

+�, and C6H6�1A1g�
CCSD�T��FC�/CBS energies for
the cc-pVnZ�Ne�, aug-cc-pVnZ�C�,
and aug-cc-pV�n+d�Z�S� basis sets.
The exponential, mixed, 1 / ��max

+0.5�4, and 1/�max
3 extrapolations

were applied to the total energy. The
Schwenke estimate was based on
separate extrapolations of the SCF,
CCSD correlation energy, and the �T�
correction.
methods possessing balanced errors that can be calibrated for
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representative classes of molecules. In the following section
we shift our focus away from absolute accuracy in the total
energy to accuracy in energy differences.

Atomic energies are needed for computing De for di-
atomics and total atomization energies, �De, for polyatom-
ics. In the present work, De and �De were obtained from a
combination of three different open-shell methods. Most of
our results are based on the R/UCCSD�T� method, which
utilizes restricted open-shell Hartree-Fock �ROHF� orbitals,
but allows a small amount of spin contamination in the so-
lution of the CCSD equations. It is requested in MOLPRO with
the keyword “UCCSD�T�.” Full atomic symmetry was im-
posed on the orbitals. There are two other commonly used
open-shell techniques. RCCSD�T�, which is requested in
MOLPRO with the keyword “RCCSD�T�,” also begins with
ROHF orbitals, but subsequently imposes a restriction on the
coupled cluster amplitudes such that the linear part of the
wave function becomes a spin eigenfunction.58 The third
choice, UCCSD�T�, employs unrestricted Hartree-Fock
�UHF� orbitals.

As we have previously noted, the choice of open-shell
treatment for the isolated atoms has consequences for De and
�De.

11 At the frozen-core level of theory, De for a diatomic
molecule such as N2 can vary by 0.4–0.5 kcal/mol. When
core/valence correlation effects are included, energy differ-
ences obtained from R/UCCSD�T� and UCCSD�T� atoms
largely disappear, in agreement with the comments of Ruden
et al.59 However, differences between R/UCCSD�T�
and RCCSD�T� energies remain on the order of
0.1–0.2 kcal/mol per first row atom. Similarly, the imposi-
tion of symmetry equivalencing in the Hartree-Fock calcula-
tion can increase the atomic energies by another
0.1 kcal/mol per first row atom. Thus, for a system such as
C8H18 different open-shell methods can affect the total at-
omization energies by 1 kcal/mol or more, an amount equal
to our target accuracy. For single configuration dominant
systems, evidence is beginning to accumulate that CCSD�T�
generally underestimates binding energies predicted by even
higher-level methods, such as CCSDTQ or FCI. Therefore, it
might be argued that the use of RCCSD�T� with symmetry-
equivalenced atoms would result in a better agreement with
the FCI result. The present choice of R/UCCSD�T� as our
primary method for describing isolated atoms is based on our
experience with potential-energy surfaces where this method
was found to be better behaved than the completely restricted
alternative.60

N2 spectroscopic constants �re, �e, and �exe� and disso-
ciation energies obtained at the CCSD�T��FC� / aug-cc-
pVnZ, n=D−7, are listed in Table III. The first three prop-
erties were obtained from a sixth degree Dunham fit of the
potential-energy curve.61 If convergence is measured as a
percentage of the DZ to 7Z change in property value, the
four measurables are 94% �re�, 84% ��e�, 100% ��exe�, and
88% �De� converged at the aug-cc-pVQZ basis set level. The
aug-cc-pVQZ value of the binding energy is more than
3 kcal/mol smaller than the estimated CBS limit. Neverthe-
less, it is converging much faster than the total energy. For

example, at the 7Z level the CCSD�T��FC� energy of Ne, an
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eight valence electron system, remains �3 mEh above the
CBS limit, while De�N2�, involving ten valence electrons, is
converged to �0.8 mEh �0.5 kcal/mol�.

Core/valence corrections to the properties exhibit little
variation with respect to basis set improvement beyond the
cc-pCVQZ level. The CV corrections to De, assuming
R/UCCSD�T� atoms, are 0.72 �CVQZ�, 0.77 �CV5Z�, and
0.79 �CV6Z� kcal/mol. These findings are consistent with
other investigations of the basis set dependence of CV cor-
rections in polyatomic systems.7,8 Most of our previous ther-
mochemical studies have relied on CVQZ calculations. Rela-
tivistic corrections to the properties in Table III were
obtained from spin-free, one-electron Douglas-Kroll-Hess
�DKH� CCSD�T� calculations.62 For N2, these corrections
are considerably smaller than the CV corrections and are
essentially converged at the cc-pVTZ�DK basis set level to
the number of digits shown.

Complete basis set extrapolation dramatically improves
the raw De values, although the convergence of the estimates
as a function of the underlying basis sets is not always uni-
form, as seen in Fig. 4. We have previously shown how the
CCSD�T�/CBS dissociation energies for N2, O2, CO, and S2

vary as a function of the underlying basis sets up through
aug-cc-pV7Z�k estimate� when using Eqs. �1�–�4�.52 In that
work the separated atoms were described with the
UCCSD�T� and RCCSD�T� methods. All four extrapolation
formulas proved capable of predicting dissociation energies
only attainable from explicit calculations with basis sets that
were far larger than those used in the extrapolation. For ex-
ample, the exponential �DTQ� and 1/ ��max+0.5�4�TQ� CBS
estimates for De are 226.9 and 227.1 kcal/mol, respectively.
In order to achieve similar values via direct calculation, i.e.,
without resorting to extrapolation techniques, basis sets of
better than aug-cc-pV7Z quality would be required. With the
largest basis sets available, the span in the CBS values of De

is 0.4 kcal/mol.
N2 is another of the seven systems in the Schwenke

training set. Consequently, the Schwenke extrapolation for-
mula might be expected to perform well for N2 and we found
this to be the case. As the quality of the underlying basis sets
improves, the Schwenke CBS estimates show little variation,
provided sets of QZ quality or better are used. When smaller
basis sets are used, such as in the Schwenke�DT� extrapola-
tion, the predicted binding energy �225.6 kcal/mol� differs
by several kcal/mol from the estimates obtained with larger
basis sets. Despite this difference, the Schwenke�DT� esti-
mate still represents a substantial improvement over the raw
aug-cc-pVTZ value of 218.0 kcal/mol. The average of the
five CBS formulas, using the best available energies, is
227.1 kcal/mol with a spread of ±0.2 kcal/mol. Due to the
relatively close agreement among the various CBS values for
De, it is difficult to single out one as being clearly superior to
the others. As stated previously, one of the assumptions made
in the Schwenke approach is that the fitting coefficients are
independent of geometry. We tested that assumption by ex-
trapolating the energies at seven bond lengths along the N2

potential-energy curve and subsequently performing a Dun-
ham analysis. The resulting CBS estimates for re, �e, and

�exe were in good agreement with the estimates obtained
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from an exponential extrapolation. For example, the Schwen-
ke�TQ� formula predicted values of re=1.0987 Å, �e

=2363.6 cm−1, and �exe=13.7 cm−1, compared to the expo-
nential values of re=1.0989 Å, �e=2362.4 cm−1, and �exe

=13.8 cm−1. In the case of the anharmonicity, the Schwen-
ke�TQ� CBS estimate is slightly too small, since the raw,
directly computed values appear stable at 13.8 cm−1 for basis

TABLE III. N2
1�g

+ theoretical results. The units are re in Å, �e and �exe in
re in hartrees. The CCSD�T��FC� / aug-cc-pVnZ dissociation energies and CC
tions are with respect to the R/UCCSD�T� atomic energies obtained wit
contaminants. The CCSDTQ and FCI dissociation energy corrections are w
reported at the optimal bond length for each level of theory, with the excep
obtained at the fixed bond length r=1.1040 Å. The “composite” values are
set, or in the case where explicit corrections could not be determined, e.g., th
available basis set.

Basis Method re

aug-cc-pVDZ CCSD�T��FC� 1.1209
cc-pCVDZ CCSD�T� �a −0.0005
cc-pVDZ CCSD�T� DKH �b −0.0001
cc-pVDZ CCSDTQ�FC� �c 0.0009
cc-pVDZ FCI�FC� �d,e 0.0003
DZ Composite 1.1215
aug-cc-pVTZ CCSD�T��FC� 1.1040
cc-pCVTZ CCSD�T� �a −0.0016
cc-pVTZ CCSD�T� DKH �b −0.0002
cc-pVTZ CCSDTQ�FC� �c 0.0007
cc-pVTZ FCI�FC� �f 0.0002
TZ Composite 1.1029
aug-cc-pVQZ CCSD�T��FC� 1.1005
cc-pCVQZ CCSD�T� �a −0.0020
cc-pVQZ CCSD�T� DKH �b −0.0002
QZ Compositeg 1.0992
aug-cc-pV5Z CCSD�T��FC� 1.0995
cc-pCV5Z CCSD�T� � −0.0020
cc-pV5Z CCSD�T� DKH �b −0.0002
5Z Compositeg 1.0982
aug-cc-pV6Z CCSD�T��FC� 1.0993
cc-pCV6Z CCSD�T� �a −0.0021
6Z Compositeg,h 1.0979
aug-cc-pV7Z CCSD�T��FC� 1.0991
7Z Compositeg,h,i 1.0977
CBS CCSD�T��FC�j 1.0989
CBS Composite 1.0975

Expt.l 1.0977

aDifference between the frozen-core and non-frozen-core values, i.e., X−X
treatment. In D�h symmetry, this corresponds to 1	g

21	u
2. Non-frozen-core c

bDifference between the CCSD�T��FC� Douglas-Kroll-Hess and nonrelativis
cRHF�N2� /ROHF�N�-UCCSDTQ/cc-pVnZ correction to the R�N2� /R/U�N
point Dunham fit. The cc-pVTZ results were taken from Ruden et al. �Ref.
dFull CI/cc-pVDZ correction to the CCSDTQ/cc-pVDZ values. The FCI res
eCCSDTQ5/cc-pVDZ correction to the CCSDTQ/cc-pVDZ values are re 0.0
79�.
fBased on the approximate FCI/cc-pVTZ energy of Ruden et al. �Ref. 59�
±0.06 kcal/mol in the FCI correction to De. The re and �e corrections are b
gIncludes the CCSDTQ/cc-pVTZ and FCI/cc-pVTZ �De� corrections.
hIncludes the CCSD�T�/cc-pV5Z DKH correction.
iIncludes the CCSD�T�/cc-pCV6Z correction.
jThe CBS values of re, �e, and �exe are based on an exponential extrapolatio
CBS estimates discussed in the text. The uncertainty is taken from the spre
kDissociation energy based on the RCCSD�T� atomic asymptotes with equi
lExperimental values are taken from Huber and Herzberg �Ref. 4�. Th
228.4±0.4 kcal/mol.
sets of aug-cc-pVTZ quality or better.
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Theoretical results for CS and CS2 are shown in Tables
IV and V, along with the available experimental data. The
spectroscopic constants for CS were taken from Huber and
Herzberg.4 We have elected to apply an adjustment to the
experimental dissociation energy in order to account for
atomic spin-orbit effects. This adjustment, which increases
the observed experimental value, arises from the failure of

1, electronic dissociation energy �De� in kcal/mol, and total energies �E� at
T� / cc-pCVnZ and CCSD�T�-DK�FC� / cc-pVnZ dissociation energy correc-

metry equivalencing and with the removal of high angular momentum
spect to RHF/ROHF-UCCSDTQ and ROHF-FCI atoms. Total energies are
of the FCI/cc-pVTZ energy reported by Ruden et al. �Ref. 59� which was
sult of combining all of the corrections associated with each level of basis

I�FC� � correction with the cc-pVQZ basis set, the corrections from the best

�e �exe De E

319.0 14.4 201.8 −109.295 320
3.2 0.0 0.4 −109.356 338

−1.0 0.0 −0.1 −109.334 659
−10.9 0.2 0.81 −109.278 113

−4.8 0.0 0.14 −109.278 340
305.5 14.6 203.0
339.6 13.8 218.0 −109.380 845

7.9 0.0 0.7 −109.482 426
−0.9 0.0 −0.1 −109.432 244
−9.5 0.5 0.41 −109.375 242
−3.9 0.05 −109.375 4

333.2 14.3 219.1
354.5 13.8 223.8 −109.407 243

9.2 0.0 0.7 −109.519 838
−0.9 0.0 −0.1 −109.462 840

349.4 14.3 224.9
359.3 13.8 225.6 −109.415 507

9.7 0.0 0.8 −109.531 509
−0.9 0.0 −0.1 −109.472 686

354.7 14.3 226.8
360.6 13.8 226.3 −109.418 384
10.0 0.0 0.8 −109.535 855

356.3 14.3 227.5
361.3 13.8 226.7 −109.419 714
357.0 14.3 227.9
362.0 13.8 227.2±0.2 −109.421 3
358.1 14.3 228.4±0.2

�228.7�k

358.6 14.3 228.4

rozen-core calculations excluded the N�1s� electrons from the correlation
ations correlated all 14 electrons.
alues, i.e., X−XDKH.
D�T� / cc-pVnZ values. The cc-pVDZ results were obtained from a seven-

ere taken from Leininger et al. �Ref. 87�.
, �e−3.9 cm−1, and De 0.1 kcal/mol taken from Ruden et al. �Refs. 59 and

ch has a stated uncertainty of ±0.0001 Eh. This implies an uncertainty of
on the continued fraction approximation.

the aV5Z, aV6Z, and aV7Z values. De was based on an average of the five
the CBS estimates.

ced orbitals.
certainty in De is ±0.01 kcal/mol. The NIST/JANAF value for De is
cm−
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lowest-energy multiplet of the dissociated atoms. The atomic
spin-orbit corrections were based on the tables of Moore,63

and are as follows �in kcal/mol�: 0.083 �C� and 0.545 �S�.
The experimental bond length for CS2 was taken from the
work by Maki and Sams.64 The vibrational fundamentals, 
i,
are from Shimanouchi.65 The vibrationless atomization en-
ergy was derived from the �D0 value reported in the NIST/
JANAF Tables5 and a theoretical anharmonic ZPE of
4.30 kcal/mol. The latter result was obtained from a near-
equilibrium potential function based on CCSD�T� / aug-cc-
pV�T+d�Z energies. A total of 29 symmetry unique points
were fitted to polynomials in D2h symmetry coordinates. The
coefficients of this fit were then used to evaluate the har-
monic frequencies and anharmonicity constants via the usual
second-order perturbation-theory formulas. However, for the
final calculation of the ZPE the aug-cc-pV�5+d�Z harmonic
frequencies were substituted for the aug-cc-pV�T+d�Z val-
ues. Both the fitting and spectroscopic constant analyses
were carried out with the program SURFIT.66

In general, the one-particle basis set convergence pat-
terns for CS and CS2 appear qualitatively similar to what
was observed for N2. Differences between DZ values and the
CBS limits for bond lengths ��0.02 Å�, harmonic frequen-
cies �25–45 cm−1�, and dissociation energies ��26 kcal/
mol� span approximately the same range, with the exception
of De�CS�, which at 14 kcal/mol is only about half the size
of the N2 and CS2 values. The presence of additional tight d
functions in the aug-cc-pV�n+d�Z sulfur basis sets apprecia-
bly improves the computed properties, an effect that is most
noticeable at the VDZ level. For atomization energies, tight d
functions increase �De by up to 5 kcal/mol. Because the
aug-cc-pVnZ and aug-cc-pV�n+d�Z basis set sequences
both lead to a complete basis set, the properties obtained

FIG. 4. Convergence of the N2 extrapolated complete basis set and raw
CCSD�T��FC� De values �kcal/mol� as a function of the quality of the un-
derlying basis sets. The separated atoms are described with the
R/UCCSD�T� method.
from the two sequences must ultimately converge. At the 6Z

Downloaded 03 Feb 2006 to 128.173.181.57. Redistribution subject to
level, the dissociation energies obtained with and without
tight d functions differ by less than 0.5 kcal/mol.

For comparison purposes, we have also carried out
density-functional theory �DFT� calculations of De�CS� and
�De�CS2� using the hybrid B3LYP method.67 DFT is known
to converge more rapidly with respect to the one-particle
basis set than conventional ab initio methods.68,69 For ex-
ample, the difference between the TZ and QZ values of
�De�CS2� is 0.5 kcal/mol �B3LYP� versus 6.5 kcal/mol
�CCSD�T��. We find, in agreement with the comments of
Bauschlicher and Partridge,68 that tight d functions are im-
portant for obtaining atomization energies that are close to
the Kohn-Sham limit. The difference between the aug-cc-
pVDZ and aug-cc-pV�D+d�Z atomization energies for CS2

is 5.5 kcal/mol, a value which exceeds the 4.8 kcal/mol
found at the CCSD�T� level of theory. The agreement with
experiment is somewhat variable. For CS the B3LYP/aug
-cc-pV�5+d�Z value of De=166.6 kcal/mol can be com-
pared to an adjusted experimental value of 171.9 kcal/mol.
In the case of CS2, B3LYP did a better job, 277.1 �B3LYP�
versus 279.1 �expt.�.

Figure 5 shows the variation in the CBS estimates of De

and �De for CS and CS2. As was the case for N2, all of the
formulas considered in this paper produced binding energies
that were markedly closer to the apparent CBS limit than the
raw, directly computed values, indicated by the � symbols in
the figure. The Schwenke�DT� CBS extrapolated results are
2-3 kcal/mol smaller than the relatively tight grouping of
values obtained with basis sets of QZ quality or better. In
situations where TZ calculations represent the best available
data, application of the Schwenke�DT� extrapolation appears
to be effective at improving the raw binding energy. For
�De�CS2� the raw TZ binding energy �268.1 kcal/mol� is
improved by over 7 kcal/mol. The Schwenke results vary so
little with basis set size, at least with QZ or better basis sets,
that it is questionable whether calculations at the 5Z or 6Z
level are worthwhile. In the case of the other five formulas,
expanding the basis set beyond the QZ level often results in
an improvement in the CBS estimate. This is most noticeable
in Fig. 5 for the 1/�max

3 results.

IV. N-PARTICLE BASIS SET CONSIDERATIONS

Having addressed the error arising from the truncation of
the one-particle expansion, we now turn our attention to the
n-particle expansion. Our discussion so far has focused on
the CCSD�T� method in which triple excitations are handled
in an approximate, noniterative step. In the CCSDT method,
triple excitations are treated in the same iterative fashion as
the singles and doubles. Compared to CCSD�T�, whose com-
putational expense grows as �n2N4Nit �with a single n3N4

step�, CCSDT exhibits a �n3N5Nit scaling, where n, N, and
Nit are the numbers of occupied and unoccupied molecular
orbitals and the number of CCSD or CCSDT iterations,
respectively.70 In multiple studies we have examined the per-
formance of CCSDT relative to CCSD�T�, FCI, and
experiment.11,52,71,72 Overall, CCSDT corrections to
CCSD�T� were found to be significant in magnitude, relative

to a target accuracy of ±1 kcal/mol, but the correction fre-
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quently produces worse agreement with experiment and FCI.
Similar conclusions were reached in more recent studies.59,73

Thus, although CCSD�T� involves additional approximations
beyond CCSDT, in a large number of cases results from this
level of theory lie fortuitously closer to FCI and experiment
than the latter. Due to the scale used in Fig. 2, the iterative
triples contribution to the correlation energy of the Ne atom
appears to be nearly indistinguishable from the �T� contribu-

TABLE IV. CS 1�+ theoretical results. The units are r
in kcal/mol, and total energies �E� at re in hartrees.
R/UCCSD�T� atomic energies obtained with symme
momentum contaminants. The notation “aug-cc-p
pVnZ�C� / aug-cc-pV�n+d�Z�S� basis set.

Basis Method re

aug-cc-pV�D+d�Z CCSD�T��FC� 1.56
aug-cc-pwCVDZ CCSD�T� �a −0.00
cc-pVDZ�DK CCSD�T� DKH �b −0.00
cc-pVDZ CCSDTQ�FC� �c 0.00
cc-pVDZ cf FCI�FC� �d 0.00
DZ Composite 1.56
aug-cc-pV�T+d�Z CCSD�T��FC� 1.54
aug-cc-pwCVTZ CCSD�T� �a −0.00
cc-pVTZ�DK CCSD�T� DKH �b −0.00
cc-pVTZ CCSDTQ�FC� �c 0.00
cc-pVTZ cf FCI�FC� �d 0.00
TZ Composite 1.54
aug-cc-pV�Q+d�Z CCSD�T��FC� 1.54
aug-cc-pwCVQZ CCSD�T� �a −0.00
cc-pVQZ�DK CCSD�T� DKH �b −0.00
QZ Compositee 1.53
aug-cc-pV�5+d�Z CCSD�T��FC� 1.53
aug-cc-pwCV5Z CCSD�T� �a −0.00
cc-pV5Z�DK CCSD�T� DKH �b −0.00
5Z Compositee 1.53
aug-cc-pV�6+d�Z CCSD�T��FC� 1.53
6Z Compositee, f 1.53
aug-cc-pV�7+d�Zg CCSD�T��FC� 1.53
7Z Compositee, f 1.53
CBS CCSD�T��FC�h 1.53
CBS Compositee, f 1.53

Expt.j 1.53
Expt.k

aDifference between the frozen-core and non-frozen-c
the 8 C�1s� and S�1s ,2s ,2p� electrons from the cor
1	22	23	24	21�4. Non-frozen-core calculations ex
electrons.
bDifference between the CCSD�T��FC� Douglas-Kro
cRHF�CS� /ROHF�C,S�-UCCSDTQ/cc-pVnZ correc
dContinued fraction estimates of the FCI corrections.
eIncludes the CCSDTQ/cc-pVTZ corrections.
fIncludes CCSD�T�/aug-cc-pwCV5Z corrections.
gValues of re, �e, and �exe were obtained without k
hThe CBS values of re, �e, and �exe are based on an
and aV�7+d�Z values. De was based on an averag
uncertainty is taken from the spread in the CBS estim
iDissociation energy based on RCCSD�T� atomic asy
jExperimental values are taken from Huber and Herz
0.63 kcal/mol in order to account for atomic spin-orb
the current theoretical values which were obtained fr
spin multiplets.
kExperimental values are taken from the NIST/JANA
tion. This figure shows the incremental energy lowering as-
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sociated with the cc-pVnZ sequence. Both T and �T� are
approximately an order of magnitude smaller than the double
excitation contribution.

The next method within the coupled cluster hierarchy is
CCSDTQ, which incorporates connected quadruple excita-
tions. Computationally, it scales as n4N6Nit, where n, N, and
Nit are defined as before, and therefore its scope is much
more restrictive than CCSD�T�. The quadruple excitation

, �e in cm−1, the electronic dissociation energy �De�
CCSD�T� dissociation energies are with respect to

quivalencing and with the removal of high angular
d�Z” indicates the use of the mixed aug-cc-

�e �exe De E

1259.7 6.6 156.8 −435.629 154
2.8 0.0 0.3 −435.809 255

−1.2 0.0 −0.1 −436.701 008
−7.7 0.2 0.64 −435.607 085
−0.3 0.0 0.04 −435.607 152

1253.3 6.8 157.6
1270.3 6.4 164.9 −435.701 616

6.2 0.0 0.7 −436.021 923
−1.2 0.0 −0.3 −436.789 452
−6.2 0.0 0.48 −435.694 927
−0.8 0.08 −435.695 052

1268.3 6.4 165.9
1280.5 6.3 168.6 −435.723 920

7.0 0.0 0.8 −436.097 303
−1.2 −0.2 −436.816 919

1279.3 6.3 169.7
1284.0 6.3 169.9 −435.731 024

7.4 0.0 0.8 −436.124 548
−1.2 −0.2 −436.826 498

1283.2 6.3 171.0
1284.8 6.3 170.4 −435.733 738
1284.0 6.3 171.5
1284.8 6.3 170.6 −435.734 734
1284.0 6.3 171.7
1284.8 6.3 170.8±0.2 −435.736 2
1284.0 6.3 171.9±0.2

�172.1�i

1285.1 6.5 172.0
171.8±6

alues, i.e., X−XFC. Frozen-core calculations excluded
on treatment. In C�v symmetry, this corresponds to
d two electrons, corresponding to the S�1s� or 1	2

s and nonrelativistic values, i.e., X−XDKH.
to the R�CS� /R/U�C,S�CCSD�T� / cc-pVnZ values.

ions.
onential extrapolation of the aV�5+d�Z, aV�6+d�Z,
the five CBS estimates discussed in the text. The
.
tes with equivalenced orbitals.
�Ref. 4�. The experimental De has been adjusted by
ects in order to allow a more direct comparison with
tomic calculations that correspond to the average of

les �Ref. 5�.
e in Å
The

try e
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contribution to the correlation energy is approximately an
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order of magnitude smaller than the triple excitation contri-
bution, as seen in Fig. 2. Interestingly, the linear approxima-
tions to the data sets associated with CCSD, CCSDT
�or CCSD�T��, and CCSDTQ all possess similar slopes.
CCSDTQ5/cc-pVDZ results have been reported for N2, F2,
and HF.59,74 However, while the n5N7Nit scaling of
CCSDTQ5 is less severe than FCI, it is nonetheless currently
impractical for all but the smallest chemical systems and
basis sets. For N2, the CCSDTQ5/cc-pVDZ contribution to
De �0.1 kcal/mol, 0.5 kJ/mol� was roughly an order of mag-
nitude smaller than the CCSDTQ contribution �0.9 kcal/mol,
3.7 kJ/mol�. For particularly difficult, multireference cases,
such as C2

1�g
+, Boese et al. have reported a CCSDTQ5 cor-

rection as large as 0.32 kcal/mol.75 Among the CCSDTQ5
corrections for small molecules reported by Tajti et al., the
largest have been on the order of 0.1 kcal/mol �C2H2 and
CCH�, although most are less than half that size.76 The Ne
atom FCI correction shown in Fig. 2 is also an order of

TABLE V. CS2
1�g

+ theoretical results. Units are re in Å, � in cm−1, the to
CCSD�T� dissociation energies are with respect to R/UCCSD�T� atomic ene

Basis Method RCS ���u�

aug-cc-pV�D+d�Z CCSD�T��FC� 1.5767 37
aug-cc-pwCVDZ CCSD�T� �a −0.0010
cc-pVDZ�DK CCSD�T� DKH �b −0.0001 −
cc-pVDZ CCSDTQ�FC� �c 0.0014
cc-pVDZ cf FCI�FC� �d 0.0002
DZ Composite 1.5772 37
aug-cc-pV�T+d�Z CCSD�T��FC� 1.5617 39
aug-cc-pwCVTZ CCSD�T� �a −0.0033
cc-pVTZ�DK CCSD�T� DKH �b −0.0002 −
cc-pVTZ CCSDTQ�FC� �c �0.0014�e

TZ Composite 1.5596 39
aug-cc-pV�Q+d�Z CCSD�T��FC� 1.5580 39
aug-cc-pwCVQZ CCSD�T� �a −0.0040
cc-pVQZ�DK CCSD�T� DKH �b −0.0002 −
QZ Compositef 1.5552 39
aug-cc-pV�5+d�Z CCSD�T��FC� 1.5566 39
5Z Compositef, g 1.5538 39
aug-cc-pV�6+d�Z CCSD�T��FC� 1.5561
6Z Compositef, g 1.5533
aug-cc-pV�7+d�Z CCSD�T��FC� �1.5559�h

7Z Compositef, g 1.5531
CBS Composite 1.5531 39

�39
Expt.k 1.553 39

aDifference between the frozen-core and non-frozen-core values, i.e., X−XFC

the correlation treatment. In C�v symmetry, this corresponds to �1–4�	g
21�u

4�
to the S�1s� electrons, i.e., 1	g

21	u
2.

bDifference between the CCSD�T��FC� Douglas-Kroll-Hess and nonrelativis
cCCSDTQ correction to the CCSD�T� values.
dContinued fraction estimates of the FCI correction.
eThe cc-pVTZ correction for rCS is taken by analogy from the correction
correction for CS by 0.75. See text.
fIncludes the CCSDTQ/cc-pVTZ estimated correction for �De.
gIncludes CCSD�T�/aug-cc-pwCVQZ and CCSD�T� DKH/cc-pVQZ�DK cor
hEstimated from an exponential fit of the aV�Q+d�Z, aV�5+d�Z, and aV�6
iEstimated theoretical fundamentals obtained by adding the aug-cc-pV�T+d
jDissociation energy based on RCCSD�T� atomic asymptotes with equivalen
kExperimental values are taken from RCS Maki and Sams �Ref. 64�, vib
1.17 kcal/mol correction for atomic spin-orbit effects.
magnitude less sensitive to the basis set size than the Q cor-
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rection, suggesting that CCSDTQ5 is quite close to the FCI
limit. Due to the decreased sensitivity of the CCSDTQ5 and
FCI corrections to the size of the basis set, it appears un-
likely that basis sets beyond cc-pVTZ would be needed to
achieve near quantitative agreement with the CBS limit.

While the CCSD and CCSDT differential correlation en-
ergies for Ne �Ecorr

diff �CCSD�=ECCSD-ESCF and Ecorr
diff �CCSDT�

=ECCSDT-ECCSD� display strongly monotonic convergence to
the CBS limit, the same is not true of the CCSDTQ
differential correlation energy �Ecorr

diff �CCSDTQ�=ECCSDTQ

−ECCSDT�. We find that the cc-pVDZ basis set yields a larger
value of Ecorr

diff �CCSDTQ� than the cc-pVTZ basis set,
150 
Eh �VDZ� versus 66 
Eh �VTZ�. The cc-pVQZ value
lies between the cc-pVDZ and cc-pVTZ values, with
Ecorr

diff �CCSDTQ�=96 
Eh. Although we were unable to per-
form a FCI/cc-pVQZ calculation on the Ne atom, the cc-
VDZ and cc-pVTZ trends follow the CCSDTQ pattern,
189 
Eh �VDZ� versus 80 
Eh �VTZ�.

omization energy ��De� in kcal/mol, and total energy �E� in hartrees. The
obtained without the imposition of symmetry equivalencing for the orbitals.

��	g� ��	u� �De E

660.5 1536.0 252.3 −833.395 658
1.4 3.4 1.0 −833.723 905

−1.1 −3.0 −0.5 −835.530 271
0.98 −835.356 980
0.1 −833.357 170

660.8 1536.4 253.8
665.7 1549.0 268.1 −833.523 308

2.0 6.3 1.4 −834.115 327
−1.1 −3.1 −0.6 −835.685 548

�0.7�e

666.6 1552.2 270.0
670.2 1555.3 274.6 −833.561 391

4.1 6.9 1.5 −834.255 298
−0.9 −2.7 −0.6 −835.732 841

673.4 1559.5 276.3
671.4 1558.5 276.9 −833.573 514
674.6 1562.7 278.9

277.7 −833.578 207
279.7
278.1 −833.579 940
280.1

674.6
�659.3�i

1562.7
�1539.3�i

280.5±0.3
�280.9±0.3�j

658 1535 279.1±0.2

en-core calculations excluded the 22 C�1s� and S�1s ,2s ,2p� electrons from
	u

21�g
4. Non-frozen-core calculations excluded four electrons, corresponding

alues, i.e., X−XDKH.

S. The correction to �De is estimated by scaling the CCSDTQ/cc-pVDZ

ns.
bond lengths.
harmonic corrections.
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In addition to the CCSDT and CCSDTQ methods, our
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search for a practical higher-order technique capable of reli-
ably improving upon the CCSD�T� level of theory has led us
to examine the CCSD�TQ� method.77,78 As with our CCSDT
studies, a comparison was made with FCI, estimated FCI,
and experimental results.71 Although computationally faster
than CCSDTQ, this method was found to often overestimate
the effect of higher-order correlation and was, therefore, not
recommended for general use. Similar conclusions were
reached for the Brueckner doubles with perturbative triples
and quadruples �BD�TQ�� method.77

Table III shows the CCSDTQ�FC�/cc-pVDZ and
CCSDTQ�FC�/cc-pVTZ corrections to selected CCSD�T� N2

spectroscopic constants. Calculations at the CCSDTQ�FC�/
cc-pVQZ level of theory were prohibitively expensive. The
cc-pVTZ corrections for re and �e were first reported by
Ruden et al.79 The relative importance of the CCSDTQ cor-
rections is somewhat subjective. For example, relative to the
residual one-particle error at the CCSD�T�/VTZ level of
theory �re, −0.0049 Å; �e, 16.4; and De, 10.4 kcal/mol�, the
CCSDTQ corrections are small and of opposite sign for the
first two properties �re, 0.0007 Å and �e, −9.1�. For De the
CCSDTQ correction �0.4 kcal/mol� is of the same sign as
the basis set expansion correction. These results are in-line
with the general trend that connects increased correlation re-
covery with an increasing bond length and decreasing har-
monic frequency. Although the sizes of the CCSDTQ correc-
tions are small for N2, for other diatomics they have been
shown to be larger. Ruden et al.79 reported a CCSDTQ�FC�/
cc-pVTZ bond length correction of 0.0034 Å in F2, nearly
five times larger than in N2. Among the three small mol-
ecules examined in this study, the largest VTZ correction to
De is �0.3 kcal/mol. For N2, the CCSDTQ/cc-pVDZ cor-
rections are larger than the core/valence and relativistic cor-
rections for re, �exe, and De. At the VTZ level, only the
correction �e is larger. The present cc-pVTZ correction for
De �0.4 kcal/mol� is larger than the 0.13 kcal/mol

59

FIG. 5. Convergence of the CS and CS2 extrapolated complete basis sets and
used for C and the aug-cc-pV�n+d�Z basis set was used for S.
�0.54 kJ/mol� correction reported by Ruden et al. presum-
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ably due to differences in bond lengths. We used the optimal
CCSD�T� and CCSDTQ bond lengths, whereas they used the
experimental bond length. N2 is a good illustration of the
shortcomings of the CCSDT method for estimating the
higher-order correlation corrections to CCSD�T�. Contrary to
the small CCSDTQ increase in De, CCSDT produces a
−0.8 kcal/mol decrease.

The FCI corrections in Table III account for the small,
residual n-particle error surviving at the CCSDTQ level of
theory. Explicit FCI/cc-pVTZ calculations are extremely
time consuming, even in the case of a homonuclear diatomic.
To the best of our knowledge, the only available FCI/cc-
pVTZ energy for N2 is the one reported by Ruden et al.59

Goodson has proposed the use of an empirically motivated,
coupled cluster continued fraction approximation
�CCSD�T�-cf� as a way to approximate the FCI energy.80 His
approach requires only HF, CCSD, and CCSD�T� energies,
and makes use of a simple extrapolation formula. The accu-
racy of this approach depends upon the nature of the chemi-
cal system being studied. Systems characterized by a mono-
tonic convergence of perturbation-theory expansions were
labeled “class A” and all other systems were labeled “class
B.”80,81 In a test of its effectiveness, we applied the
CCSD�T�-cf method to almost 40 molecules. For class A
chemical systems, the CCSD�T�-cf method was capable of
predicting total energies that were always closer to the FCI
energy than CCSD�T�, but the improvement was marginal in
many cases. For class B systems the performance was no-
ticeably worse. In 6 out of 19 cases the difference between
the CCSD�T�-cf and FCI energies was larger than the corre-
sponding difference for CCSD�T�.14

In the present work we revisited the continued fraction
approximation to FCI, replacing the HF, CCSD, and
CCSD�T� sequence with CCSD, CCSDT, and CCSDTQ. In
the case of N2, where exact FCI results are available, the
results were in excellent agreement. At the VDZ level, the cf

CCSD�T��FC� binding energies �kcal/mol�. The aug-cc-pVnZ basis set was
raw
estimate was within 8 
Eh of the exact FCI energy and it
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accurately reproduced the FCI spectroscopic constants. At
the VTZ level, the cf estimate matched the single available
FCI energy exactly, −109.375 40 �cf� versus −109.3754
±0.0001 �FCI�. Consequently, cc-pVTZ cf-based, estimated
FCI corrections were adopted for re and �e.

The “composite” N2 entries in Table III, created by add-
ing the CV, relativistic, CCSDTQ, and FCI corrections to the
CCSD�T��FC� results, represent our best estimates for each
basis set level. The set of final CBS composite properties is
seen to be in excellent agreement with the experimental
values reported by Huber and Herzberg.4 For the dissociation
energy, the NIST/JANAF Tables5 adopted a value
�228.4±0.4 kcal/mol� that is essentially the same as the
value from Huber and Herzberg. The two final theoretical
dissociation energies, 228.4±0.2 and 228.7±0.2 kcal/mol,
based on R/UCCSD�T� and RCCSD�T� atomic treatments,
sandwich the experimental value and fall within the NIST/
JANAF experimental uncertainty. Thus, for N2 the use of
RCCSD�T� atoms increases the CBS dissociation energy by
0.3 kcal/mol, relative to R/UCCSD�T� or UCCSD�T�. Ap-
proximate error bars are based on the uncertainty in the CBS
energies. We believe that the error arising from the uncer-
tainty in the n-particle expansion is �0.1 kcal/mol. The
present best estimate for De represents a slight improvement
over previous CBS coupled cluster estimates,7,8 but is nearly
identical to the value reported by Ruden et al.59

CCSDTQ and continued fraction approximate FCI cor-
rections for CS and CS2 are presented in Tables IV and V.
CCSDTQ/cc-pVTZ calculations for CS2 proved intractable,
as a single-point, serial CCSDTQ/cc-pVDZ energy evalua-
tion for CS2 required 25 days on a 1.6 GHz Athlon processor
running UTCHEM.82 We estimated the CCSDTQ/cc-pVTZ
correction to the CS2 atomization energy, shown in Table V,
by scaling the CS2 CCSDTQ/cc-pVDZ correction
�0.98 kcal/mol� by the ratio of the CS VTZ/VDZ correc-
tions. The size of the CS and N2 corrections might be ex-
pected to be similar in light of the fact that the two systems
possess the same number of valence electrons. Table IV re-
veals this to be the case. As was true for N2, the CCSDT
correction to the CCSD�T� dissociation energy of CS is op-
posite in sign to the CCSDTQ correction and much larger in
magnitude. Thus, the present results further reinforce the
conclusions drawn in our earlier studies regarding the use-
fulness of CCSDT as a method for estimating higher-order
�i.e., beyond CCSD�T�� correlation effects. For many chemi-
cal systems, CCSD�T� does a better job of mimicking
CCSDTQ and FCI properties than does CCSDT, even though
its treatment of triple excitations is more approximate. Con-
tinued fraction FCI estimates were used in lieu of explicit
FCI results, since we were unable to perform a FCI/cc-pVDZ
calculation on CS in 16 GB of memory.

The final composite spectroscopic constants for CS are
in very good agreement with the experiment. The NIST/
JANAF dissociation energy carries a large uncertainty of
±6 kcal/mol. The final composite CS2 bond distance, anhar-
monic frequencies, and atomization energy are also in good
agreement with the experiment, although our best theoretical
value for �De �280.5±0.3 kcal/mol with R/UCCSD�T� at-

oms� lies slightly outside the tight experimental error bars.
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V. SMALLER CONTRIBUTIONS

In previous work we have investigated the contribution
of the diagonal Born-Oppenheimer correction �DBOC� to the
dissociation energy of OH, the atomization energy of H2O,
and the H–OH bond dissociation energy,12 as well as to the
H3 potential-energy surface.83 This correction, which ac-
counts for the finite mass of the nuclei present in a molecule,
is generally much smaller than the uncertainties associated
with the factors already discussed.84 For De�OH� the correc-
tion at the complete active space self-consistent field
�CASSCF�/aug-cc-pVTZ level of theory was a mere
−0.01 kcal/mol. For �De�H2O� it was 0.10 kcal/mol. Tajti
et al.76 have recently reported a RHF/aug-cc-pVTZ DBOC
for N2 of 0.02 kcal/mol. We calculate that at the CISD/aug-
cc-pVTZ level of theory the corrections for N2 are quite
small: +0.01 kcal/mol, +1.0�10−5 Å, and +0.1 cm−1 for De,
re, and �e, respectively. The corresponding CISD corrections
for CS are −0.03 kcal/mol, +1.0�10−5 Å, and 0.0 cm−1. Al-
though the DBOC can be significant for very high accuracy
studies of molecules containing one or more hydrogen at-
oms, e.g., H2O, NH3, and H2O2, Tajti et al. found that the
magnitude of the corrections to De and �De never exceeded
0.15 kcal/mol. Valeev and Sherrill have discussed the impact
of using correlated wave functions to evaluate the DBOC.85

VI. CONCLUSION

Coupled cluster calculations with very large correlation
consistent basis sets graphically illustrate the slow conver-
gence of the total energy with respect to completeness in the
one-particle expansion, as implemented in traditional Gauss-
ian function-based approaches. The largest basis set devel-
oped for this study �cc-pV10Z� includes 506 functions, rang-
ing up to �max=10 �n functions�. Despite the sophistication
of the basis set, the raw CCSD�T�/cc-pV10Z energy of the
Ne �1S� atom remains �0.001 Eh �0.6 kcal/mol� above the
estimated CBS limit and energies obtained from explicitly
correlated R12 methods. Fortunately, energy differences and
the observables they depend upon converge much more rap-
idly, so that the dissociation energy of N2 is converged to
�0.0008Eh at the aug-cc-pV7Z basis set level. A number of
simple functional forms can be used to exploit the systematic
convergence properties of the correlation consistent basis set
families, effectively improving the computed properties by
three or more step-ups in basis set quality. Identifying a
single functional form as superior to all others is complicated
by the relatively small spread in values and the variability in
the extrapolated results as a function of the underlying basis
sets and the nature of the chemical system being studied.

Due to fortuitous cancellation of error, CCSD�T� is often
found to produce results in better agreement with FCI than
the less approximate CCSDT. After careful accounting for
the one-particle, n-particle, core/valence, and relativistic er-
rors, the dissociation energy of N2 is estimated to be
228.4±0.2 kcal/mol �228.7±0.2 kcal/mol with RCCSD�T�
atoms�, in good agreement with the available experimental
measurements. Through the efforts of many individuals over

the course of the past 50 years, the uncertainty in the theo-
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retical value has gradually dropped four orders of magnitude,
from over 200 to �0.2 kcal/mol. Results of similar quality
were found for CS and CS2.
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