Materials Engineering Science
MESc. 5025

Instructor; Herve Marand

Chapter 5.
Fluid Flow

Viscosity and the Mechanism of Momentum Transport

» Viscosity isthe physical property which characterizes the

resistance of fluids (liquids and gases) to flow.

* Newton’sLaw of Viscosity
Consider afluid contained between two large plates of area A,
separated by asmall distance Y. We examine what happends
when the lower plate initially at rest is set in motion at timet=0
with a constant velocity V. Astime proceeds the fluid gains
momentum and after some time exhibits a steady-state velocity
profile. When this state is reached, a constant force F is necessary
to maintain the velocity of the lower plate at itsinitial value V.
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Newton’'s Law of Viscosity

Velocity of lower plate
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Note that t,, can be viewed as the viscous flux or the
viscous rate of flow of x-momentum in the y-direction

The viscous flux isin the direction of negative velocity
gradient. Momentum istransferred from aregion of high
velocity to aregion of low velocity. Velocity gradient is
the driving force for momentum transfer (analogy with
Fourier’s law of conduction and Fick’s law of diffusion.
Kinematic Viscosity n = mir where misthe viscosity and r
isthe density of the fluid

Units: cgs S.I.
[tyx] dyne.cm? Pa
[v,] cm.s?t m.s?!
vl cm m
[m poise Pas

1dyne=10°N 1poise=0.1Pas



Newtonian versus Non-Newtonian Fluids

¢ Homogeneous non-

polymeric liquids and v
gases follow the v 20 T
Newtonian behavior (i.e. gg;f f’!/
the coefficient of iy Y
viscosity, m is a constant /2 | /%::7'
independent of the m/* . _ Lz
velocity gradient) /4; g //.«; T,
Fluids that do not follow i
the Newtonian Behavior ) /‘,«
are called Non- a4 4
Newtonian fluids o

‘Two-parameter models ‘Three-parameter modeis

(polymeric liquids, pasts,
slurries, particulate
dispersions, etc.)

* Generalized Viscosity Law:
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Other Non-Newtonian behavior under non steady state behavior

Thixotropic:
Rheopectic:
Viscodastic:

Decrease in h with time after application of stress
Increase in h with time after application of stress
Fluid partially recoversits original shape after removal
of stress



Estimation of Temperature and Pressure Dependence o _
of Fluid Viscosity Principle of Corresponding States

« Viscosity of Gases at low density increases with increasing * Estimatem; either experimentally or empirically (see below)

temperature as the momentum of gases is transported by » For agiven T and P, where mneeds to be calculated, estimate
moleculesin flight (T increase, kinetic energy and Trand Pg (Tg =T/ Tc and Pz = P/ P)
momentum increase, Viscosity increases) » Derive nk from the appropriate curve (next slide)
» Viscosity of Liquids decreases with increasing temperature » Cadculate mfrom g and N (M= Nk M)
as the momentum in liquids is transported through + Watson-Uyehara method for estimation of . :

collisions (since molecules only travel short distances)
(higher T, larger free volume, less collisions, lower
viscosity). Note that in gases of low density, collisions are
rare.
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Reduced Viscosity as afunction of Reduced Reduced Viscosity as a function of Reduced
Temperature for various reduced pressures (from Pressure for various reduced temperatures (from
Uyehara, Watson) Uyehara, Watson)
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Reduced temperature T, = T/T: Reduced pressure p, = plp,



Theory of Gas Viscosity: (low density limit)

1. Kinetic Theory of “Hard Sphere” Gases:

2  JmkT -=——— m: molecular mass
3:32 42 o 0 collisiondiameter

2. Chapman-Enskog Theory:
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Tabulated for various kT/e
values. (TableB2inBSL)
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Eyring’ sTheory of Liquid Viscosity (empirical)

1 Pure Liquid at Rest

Molecules are in constant motion, which is restricted to displacements
within the cage formed by their nearest neighbors. The cageis
associated with afree energy barrier of height DGo* /N where N, is
Avogadro’s number and DGo* isthe molar free energy barrier.

Eyring assumes that the liquid is in dynamic equilibrium: i.e. there are
continual rearrangements of the structure by processes where one
molecule at atime escapes the cage to fill an adjoining hole.
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2. Pure Liquid under Flow

Inafluid of molar volumey flowing in the X-direction with velocity

gradient inthe Y direction (dv,/dy), the frequency of molecular
rearrangementsincreases. Thisissimilar to saying that the free

energy barrier is distorted when the liquid is under a stresst,,, the new

barrier is given by DG*/N,

—

flow direction

under flow

Work done on molecules as

_‘_ they move to the top of the

free energy barrier in the
direction of the flow (-) or in
the opposite direction (+)

If we define n; to be the frequency of jumpsin the forward direction
(aided by the stress) and n, the frequency of jumpsin the backward

direction (opposing the stress) then:
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The net velocity at which
moleculesin layer A dip
ahead of moleculesin
layer B isthe distance
travelled per jump (@)
multiplied by the net
frequency of jumpsin the
) forward direction (n; -ny,)




If we consider that the velocity profileislinear over very small
distances between layers, then:
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The velocity gradient is then anon-linear function of the shear stress,
thus predicting non-Newtonian behavior. However, for small shear
stresses, (small value of X in sinh(X)), one has sinh (X) = X.
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In genera d/ais approximately unity, DGy* is obtained either by
fitting the temperature dependence of viscosity or other related
physical property or can be estimated crudely through heat of
vaporization data at the normal boiling temperature.

DGg* = 0.408 DU,

DUy = DHy- RT,

DH\,ap = Tb DS, =104 RT,

T
=Nl eofion
The viscosity of liquids increases exponentially as the temperature

islowered. Calculated in the above fashion you may be about 30%
off, which is quite acceptable for arough estimation.



Velocity Distribution in Laminar Flow « Step #3: Obtain Velocity Profile

for Simple Geometries and Steady-State Flow Inserting the expression for the momentum flux in the differential
+ Using the definition of viscosity and the concept of Force equat@on representing .the force bal_ance Iea_ds oa differentia
balance for athin shell of fluid, we can derive the vel ocity equation for the velocity. Integration of this diff. eq. leads to the
distribution in a steady state rectilinear flow. velocity profile (and related information: maximum velocity,

average velocity, pressure drop, volume rate of flow, forces
acting on boundaries, etc...)
» Note that integration of these differential equationswill require

» Step#1: Force Balance
(Rate of momentum in) - (Rate of momentum out) + (Sum
of all forces acting on the system) =0

Thisforce balance is applied to a thin shell of the fluid of knowledge of constants of integration (boundary conditions).
constant thickness — At solid-fluid interfaces, the fluid velocity equals the velocity
* Step #2: Obtain differential equation at which the solid surface is moving (no-slip condition)
If we let the thickness approach zero and make use of the — At liguid-gas interfaces, the momentum flux (thus the velocity
definition of a derivative to obtain adifferential equation gradient) of the liquid phase can be assumed to be zero
o a((X+DX)- Y(X)o _dY — At liquid-liquid interfaces, the momentum flux perpendicular
Dl)'goé DX g & to the interface and the vel ocity are continuous across the

interface



Example #1: Flow Through a Circular Tube Force Balance
Rate of Momentum In [2prL t,J];,

. Use Cylindrical Coordinates across cylindrical surfaceat r

which are the natural
coordinates for the
description of positionin a
tube. Consider a steady state
laminar flow of afluid of
constant density r inalong
tube of length L and radius R
(assume L>>R and ignore :
end effects). Shell of | e |

Momentum in by flow Pressure o

Rate of Momentum Out [2prL te]) oy
across the cylindrical surface at r + Dr

Rate of Momentum In [(2prDrv,)(r V)] =0
across annular surface at z=0

| Tube
wall

Rate of Momentum Out [(2PrDrv,)(r V)] o=t
across annular surface at z=L

thickness Dr and length L, m“m:?"mm ,

considering z as the flow | | Grawity Force [2prDrLrg]
direction. We now consider ) ¢ .

the force balance. Momertumout by fow  ressure 5, Pressure force acting at z=0 [2prDrp]

Pressure force acting at z=L [2prDrp,]



Thefluid isincompressible, therefore v, is constant in the z-direction
v,(z=0) = v,(z=L)

Use force balance and divide by 2pL Dr, then take the limit for Dr = 0.
This leads to the following differential equation:
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Since the momentum flux must remain finite, C; must be equal to 0
ap- P o
2Tl 4




