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Chapter 5.
Fluid Flow



Viscosity and the Mechanism of Momentum Transport

* Viscosity isthe physical property which characterizes the
resistance of fluids (liquids and gases) to flow.

 Newton'sLaw of Viscosity
Consider afluid contained between two large plates of area A,
separated by asmall distance Y. We examine what happends
when the lower plate initially at rest is set in motion at time t=0
with a constant velocity V. Astime proceeds the fluid gains
momentum and after some time exhibits a steady-state velocity
profile. When this state is reached, a constant force F is necessary
to maintain the velocity of the lower plate at itsinitial value V.
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Newton's Law of Viscosity

Areaover which
the force is applied

Shear Stress
exerted in the
X-direction on a
fluid surface of
csty by the
fluid of lessery

Velocity of lower plate
relative to upper plate

Distance over which the
velocity Isdecreasing in
the direction
perpendicular to flow

Local Velocity Gradient:
Velocity in x-direction
Gradient in y-direction



Note that t,, can be viewed as the viscous flux or the
viscous rate of flow of x-momentum in the y-direction

The viscous flux isin the direction of negative velocity
gradient. Momentum is transferred from aregion of high
velocity to aregion of low velocity. Velocity gradient is
the driving force for momentum transfer (analogy with
Fourier’slaw of conduction and Fick’s law of diffusion.

Kinematic Viscosity n = nir where misthe viscosity and r
IS the density of the fluid

Units: Cgs Sl.
] dyne.cm Pa
V, ] cm.st m.s?
V] cm m
N poise Pa.s

1dyne=10°N 1poise=0.1Pas



Newtonian versus Non-Newtonian Fluids

e Homogeneous non-

polymeric liquids and %
gases follow the - /&/ v
Newtonian behavior (i.e. a7y I/
the coefficient of 7,
viscosity, m is a constant W e 5y I
independent of the TN A e —
velocity gradient) /,§; J /;*j ) T2,
+ Fluids that do not follow i

the Newtonian Behavior 7
are called Non- e /
Newtonian fluids e

N .

(polymeric liquids, pasts,
slurries, particulate
dispersions, etc.)



e Generalized Viscosity Law:
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Other Non-Newtonian behavior under non steady state behavior
Thixotropic: Decreaseinh with time after application of stress
Rheopectic:  Increase in h with time after application of stress
Viscoelastic: Fluid partially recoversits original shape after removal

of stress



Estimation of Temperature and Pressure Dependence
of Fluid Viscosity

e Viscosity of Gases at low density increases with increasing
temperature as the momentum of gasesis transported by
moleculesin flight (T increase, kinetic energy and
momentum increase, Viscosity Increases)

* Viscosity of Liguids decreases with increasing temperature
as the momentum in liquids is transported through
collisions (since molecules only travel short distances)
(higher T, larger free volume, less collisions, lower

viscosity). Note that in gases of low density, collisions are
rare.



Principle of Corresponding States

« Estimate m. either experimentally or empirically (see below)

 Foragiven T and P, where mneeds to be calculated, estimate
Trand P (Tg =T/ Toand Py = P/ Py)

* Derivenmy from the appropriate curve (next slide)

o Calculate mfrom m, and m: (m=m; m,)

« Watson-Uyehara method for estimation of m :

uc @LEMTC Y23 or e @r.romt2pd/ 3T e
m- IN micropoise
P In atmosphere
Te In Kelvin
Ve incmig?



Reduced Viscosity as afunction of Reduced
Temperature for various reduced pressures (from
Uyehara, Watson)
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Reduced temperature T, = T/ Te



Reduced Viscosity as afunction of Reduced
Pressure for various reduced temperatures (from
Uyehara, Watson)
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Theory of Gas Viscosity: (low density limit)

1. Kinetic Theory of “Hard Sphere” Gases.

2 A/ mkT —= m: molecular mass
232 g2 o — d: collision diameter

2. Chapman-Enskog Theory: ¢ @0.77KT -

N . 6 (] -1/3
| o5 0 6L ) o0
V:48I§lf _g22 U3 ¢
&1 & rﬂ)k/, c @0.841V; ° or 2.4 PCB
T: Kelvin
u =2.6693X0 > “ZMT P atmosphere
o "Wy M: gram
V: cmi.gl
Tabulated for variouskT/e ~ S°  Angstrohm
m poise

values. (TableB2inBSL)



Eyring’ s Theory of Liquid Viscosity (empirical)

1. Pure Liquid at Rest

Molecules are in constant motion, which is restricted to displacements
within the cage formed by their nearest neighbors. The cageis
associated with afree energy barrier of height DG,*/N_where N, is
Avogadro’s number and DG,* isthe molar free energy barrier.

Eyring assumes that the liquid isin dynamic equilibrium: i.e. there are
continual rearrangements of the structure by processes where one
molecule at atime escapes the cage to fill an adjoining hole.

A
G
JNGO*/N""
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e DGO 0

Thejump frequency is; vV = expg



2. Pure Liquid under Flow

In afluid of molar volumey flowing in the X-direction with velocity
gradient inthe Y direction (dv,/dy), the frequency of molecular
rearrangements increases. Thisissimilar to saying that the free
energy barrier is distorted when the liquid isunder a stresst ,, the new
barrier isgiven by DG*/N,

A = flow direction

G

al rest
under flow

Work done on molecules as
0. . they moveto thetop of the
5 + free energy barrier in the
2 direction of the flow (-) or in
the opposite direction (+)




If we define n; to be the frequency of jJumpsin the forward direction
(aided by the stress) and n,, the frequency of jJumps in the backward

direction (opposing the stress) then:
e DGo 0
= — e - —
VTR RT S ngRTB
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The net velocity at which
moleculesin layer A dlip
ahead of moleculesin
layer B isthe distance
travelled per jump (a)
multiplied by the net
frequency of jJumpsinthe

Vi(A)-v(B) = a(n;-n;) <@ forward direction (n;-n,)




If we consider that the velocity profileislinear over very small
distances between layers, then:

&Vy 0 Dvy _Vx(A)- v(B)

"&ayg Dy 8
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The velocity gradient is then a non-linear functlon of the shear stress,
thus predicting non-Newtonian behavior. However, for small shear
stresses, (smaII value of X in sinh(X)), one has sinh (X) = X.

o 1/m




In general d/ais approximately unity, DG,* is obtained either by
fitting the temperature dependence of viscosity or other related
physical property or can be estimated crudely through heat of
vaporization data at the normal boiling temperature.

DGy* = 0.408 DU, ,,

DU, 5, = DH, 4, - RT,

DH, o, = TIO DS, = 10.4 RT,,

Tb o

expga% 8—

The viscosity of liquids increases exponentially as the temperature
Islowered. Calculated in the above fashion you may be about 30%

off, which is quite acceptable for a rough estimation.



Velocity Distribution in Laminar Flow
for Simple Geometries and Steady-State Flow

e Using the definition of viscosity and the concept of Force
balance for athin shell of fluid, we can derive the velocity
distribution in a steady state rectilinear flow.

o Step #1. Force Balance
(Rate of momentum in) - (Rate of momentum out) + (Sum
of all forces acting on the system) =0
Thisforce balance is applied to athin shell of the fluid of
constant thickness

o Step #2: Obtain differential equation
If we let the thickness approach zero and make use of the
definition of aderivative to obtain a differential equation

o @(X+ DX)- Y(X)0 _dY
OX® 0 DX g dX




o Step #3: Obtain Ve ocity Profile
Inserting the expression for the momentum flux in the differential
equation representing the force balance leads to a differential
equation for the velocity. Integration of this diff. eg. leadsto the
velocity profile (and related information: maximum velocity,
average velocity, pressure drop, volume rate of flow, forces
acting on boundaries, €tc...)

* Note that integration of these differential equations will require
knowledge of constants of integration (boundary conditions).

— At solid-fluid interfaces, the fluid velocity equals the vel ocity
at which the solid surface is moving (no-slip condition)

— At liquid-gas interfaces, the momentum flux (thus the vel ocity
gradient) of the liquid phase can be assumed to be zero

— At liquid-liquid interfaces, the momentum flux perpendicular
to the interface and the velocity are continuous across the
Interface




Example #1: Flow Through a Circular Tube

o Use Cylindrical Coordinates,

Momentum in by flow Pressure Py

which are the natural o
coordinates for the m - H
description of positionin a SEELESN B
tube. Consider a steady state ‘.
laminar flow of afluid of Momertar

. . % ancj out :
constant density r in aI(_)ng I s | Tue
tube of length L and radius R '
(assume L>>R and ignore

] Shell of thickness |
< Ar over which —~1:]
{1 momentum balance [
i is made k;

end effects). Shell of
thickness Dr and length L, |

considering z as the flow L
direction. We now consider Momemmfm o T
the force balance.

AT R R N

) Z

Pressure P



Force Balance
Rate of Momentum In [2prL t ],
across cylindrical surfaceat r

Rate of Momentum Out [2prL t ] oy
across the cylindrical surfaceat r + Dr

Rate of Momentum In [(2prDrv,)(r v,)], =0
across annular surface at z=0

Rate of Momentum Out [(2prDrv,)(r v,)], =
across annular surface at z=L

Gravity Force [2prDrLr g]
Pressure force acting at z=0 [2prDrpy]

Pressure force acting at z=L [2prDrp, ]



The fluid isincompressible, therefore v, is constant in the z-direction
V,(z=0) = v,(z=L)

Use force balance and divide by 2pL Dr, then take the limit for Dr = 0.
Thisleadsto the following differential equation:

d(r - P
(rrz):aEPO I‘9r where P=p-rgz

dr L g
1ad) - PI_
r +C
Trz = 28 g 1
_lad) - F’LO Cq
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Since the momentum flux must remain finite, C; must be equal to O
aab - PLO
= =
278 ol 5




